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Abstract. The damped, finite-amplitude forced vibration of a rigid body supported symmetrically by simple shear
springs and by a smooth inclined bearing surface is studied. The spring material is characterized as a compressible
or incompressible, homogeneous and isotropic viscohyperelastic material for which the shear response function
in a simple shear deformation is a quadratic function of the amount of shear. The trivial case of constant shear
response is included. The equation for the damped motion of the load is a nonlinear, ordinary differential equation
of the forced Duffing type with a constant static shift term due to gravity, and for which an exact solution is
unknown. An approximate solution is obtained by the method of harmonic balance. Results for the motion of the
load relate the system design parameters to the amplitude-frequency response and to the amplitude-driving force
intensity response of the system. Regions of stable motion are identified in terms of the amplitude of the motion,
driving-force intensity, driving frequency, and system design parameters. Geometrical characterizations of the
motion are related schematically to certain cross-sections through the full three-dimensional solution surfaces for
the amplitude and for the phase of the motion. A simple diagram maps the loci of all bifurcation points against
the static shear deflection, which serves as the system design parameter for the inclined motion. An infinitesimal
stability analysis shows that the bifurcation points of the inclined motion fall on the stability boundaries of the
numerical solution of a three-parameter Hill equation. The solution provides information that illustrates how the
system design parameters affect the motion of the load and how these may be chosen to control the amplitude
of the oscillations and the stability of the system. The results are valid for all compressible or incompressible,
homogeneous and isotropic, viscohyperelastic materials in the aforementioned class.
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1. Introduction

It is well-known that rubber shear mounts can sustain substantial deflections under severe
time-varying loads due to impact and vibration. At the same time, the damping properties of
the rubberlike material serve to mitigate such loading effects by providing natural vibration
absorption through energy dissipation. Consequently, in analysis of the motion of a load
supported by rubber shear mountings, it is anticipated that both finite deformation of the
shear blocks and internal viscous damping properties of the elastomer share importance. While
the shear response of elastomers generally is nonlinear, experiments show that simple shear
springs exhibit the atypical property of linear shear response for angles of shear up to roughly
25° for soft rubbers, and somewhat smaller angles for hard rubbers [1]; also [2, Chapter 35]
and [3, Section 4.3]. On the other hand, much larger packaging shock deflections and vibration
amplitudes are not uncommon. In fact, deflections up to twice the thickness of the shear block,
an angle of shear exceeding 60°, are reported [4, Chapter 7]; and beyond 25°, tests show that
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the shear stress response becomes increasingly nonlinear [1], [2, p. 35.18]. Bearing in mind
that a great fraction of the deflection may be due to static loading alone, investigation of the
finite amplitude vibration of a load supported by simple shear springs operating beyond, but
perhaps close to the linear range of shear response is especially relevant. For, even though
the nonlinear variation in material properties, in this instance the shear response function,
may be small, the nonlinearity can produce undesirable dynamical effects on the motion. Our
objective here is to study the nonlinear, damped, finite-amplitude forced vibration of a load
supported by simple shear springs operating in the near-linear range of shear response.

An extensive study of the free and forced, but undamped vibration of a load on simple shear
springs characterized by compressible and incompressible, isotropic hyperelastic material
response has been carried out by Beatty and co-workers [5]-[10]. To capture the mechanical
behavior in the near-linear range of the nonlinear material, a shear-response function quadratic
in the amount of shear, a model based on the general, nonlinear constitutive relation for the
isotropic elastic shear-response function, is introduced. This leads to an equation of motion
of the Duffing type for both free and driven oscillations. In the former case, the solution is
obtained exactly in terms of a Jacobian elliptic function [5], while the approximate method
of harmonic balance is used in [10] to study the undamped forced vibrational motion of the
system. It is shown that the approximate solution for the driven-vibration case provides useful
information that illustrates how the system design parameters affect the motion of the load and
how these may be chosen to control the amplitude of the oscillations and the system stability.
Effects of damping on the free vibrations of the load, based on a constitutive equation for
an isotropic, viscohyperelastic material have been studied by Beatty and Zhou [11, 12]. The
model having quadratic shear response in [12] leads to an equation of the damped Duffing
class, and the approximate solution is therein described by the method of slowly varying
amplitude and phase.

In this paper, we study the effects of the nonlinear elastic material response on the damped,
finite-amplitude forced vibration of a load supported symmetrically by shear springs of the
flat, sandwich plate variety that initially are stress-free, undeformed, and undergo ideal simple
shear deformations. The load is also supported by a smooth, inclined bearing surface parallel
to the plane of shear. For the class of viscohyperelastic materials having a quadratic shear-
response function, the equation of motion of the load is described by a forced Duffing equation
for which an approximate solution is obtained by the method of harmonic balance. We focus
on the physical content of the results and also explore stability of the harmonic solution
of this equation. Results for the motion of the load relate the system design parameters to
the amplitude-frequency response and to the amplitude-driving force intensity response of
the system. Regions of stable motion are identified in terms of the amplitude of the mo-
tion, driving-force intensity, driving frequency, and system design parameters. Geometrical
characterizations of the motion are related schematically to certain cross-sections through the
full three-dimensional solution surfaces for the amplitude and for the phase of the motion
described in the general analysis due to Holmes and Rand [13]. A simple bifurcation diagram
maps the loci of all bifurcation points against the static shear deflection, which serves as the
system design parameter for the inclined motion. An infinitesimal stability analysis shows that
the bifurcation points of the inclined motion fall on the stability boundaries of the numerical
solution of a three-parameter Hill equation, which for a horizontal motion reduces to the
Mathieu equation.

We begin in Section 2 with a description of the problem and the formulation of the equation
of motion. The problem solution by harmonic balance is described in Section 3. In Section
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Figure 1. Schematic of the nonlinear oscillator.

4, the amplitude-frequency response and the amplitude-driving force response are described
graphically to relate the system design parameters to the motion of the system and to its
bifurcation at points of instability. Infinitesimal stability of the harmonic solution is examined.
Bifurcation points of the inclined motion are now exhibited as points on the stability bound-
aries of the numerical solution of the three-parameter Hill equation. We focus throughout on
the physical content of the results.

2. Formulation of the problem

Let us consider a rigid body of mass M, called the load, supported symmetrically by compress-
ible or incompressible, homogeneous and isotropic viscohyperelastic shear blocks of original
length L and cross-sectional area A. The shear blocks are bonded to the load at one face and to
parallel rigid supports at the other. We suppose that the load is supported on a smooth, bearing
surface inclined at an angle 6 with the horizontal plane and parallel to the plane of shear, as
shown in Figure 1.

The inertia of the shear springs will be neglected, as usual; and effects due to symmetrical
bending of the shear mounts will be ignored. We thus consider that each shear block exe-
cutes an ideal isochoric, time-dependent simple shear deformation of amount o(¢) = tan a(z),
where a(¢) is the current angle of shear at time ¢+ measured from the initial, undeformed state
shown in Figure 1. Let Ty,(o, 6) denote the Cauchy shear stress exerted on each shear spring
due to M, and recall that the cross sectional area A of each shear mount is preserved in a
simple shear. The viscous effect is indicated by the stress dependence on the shearing rate
6 = do(r)/dr. Then the total force acting on the load is due to the restoring shear force
T(0,6) = —ATi(o, 5) exerted by each shear spring, the gravitational component Mg, and
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an external driving force F(z), all parallel to the direction of the inclined motion, the x-axis.
It is evident that the total of the normal surface tractions exerted on the load M by the shear
blocks is equipollent to zero. Clearly, other tractions that act on the shear blocks to control
their simple shear deformation are of no concern here.

Let x(¢) denote the uniaxial motion of the center of mass of the load M relative to the
undeformed position of the shear blocks, and note from Figure 1 that tano = x/L. Then the
equation of motion of the load is given by

MLG=Mg+ F(t) — 2AT1»5(0, 6) (2.2)
where g = g sin 0. The shear stress T1,(o, &) is considered next.
2.1. SHEAR STRESS FOR ISOTROPIC VISCOHYPERELASTIC SHEAR MOUNTS

The shear stress relation in a simple shear deformation of a compressible or an incompressible,
homogeneous and isotropic viscohyperelastic material introduced by Beatty and Zhou in [11]
is given by

T15(0, 6) = 6G(0%) + hé (2.2)

where the shear response function G(o?) is a positive, even function of o for which G(0) =
Gy is the shear modulus in the natural state, and 4 is a constant viscosity coefficient. When
h =0, (2.2) yields the familiar constitutive equation for the shear stress in a compressible or
incompressible, isotropic elastic solid [14]. Note that the shear stress is always an odd function
of the amount of shear, so it acts on the shear mount in the direction of the shear; and hence
an equal and oppositely directed restoring shear force acts on the load, as shown in Figure 1.

In particular, for the viscoelastic Mooney-Rivlin and neo-Hookean material models the
shear response function is a positive constant, G(c°) = Gyq; and hence for these models the
shear stress in a simple shear deformation is given by the linear function Ty, (o, 6) = Goo+ha.
For other kinds of compressible and incompressible, homogeneous and isotropic hyperelastic
materials studied in [5], the shear-response function is a quadratic function of the amount of
shear:

G0 = Go(1 +¢e0?) , (2.3)

where G(0) = Gy > 0Oand ¢ > 0. When ¢ = 0, we recover our previous linear models.
Moreover, for rubberlike materials with a small second order modulus ¢ <« 1, the relation
(2.3) describes the ‘roughly linear’ shear stress response of simple shear springs mentioned
earlier [1,2]. In this case, the nonlinear variation of the elastic shear-response function with
the amount shear may be small, but it clearly is not ignorable for increasingly larger amounts
of shear, a great fraction of which may arise from static deflection.

2.2. FORMULATION OF THE EQUATIONS OF MOTION

The equation of motion for the shear suspension system is now obtained by use of (2.2) and
(2.3) in (2.1). Writing F () = Fpcos qt, where Fy and g are the maximum force intensity and
the driving frequency, respectively, and introducing the dimensionless time variable t = wt,
we obtain the following dimensionless form of the equation of motion for the shear suspension
system:
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0"+ 2v0’ + 0 + ¢0° = 0,(1 + e0?) + Q cos Wt . (2.4)

Here the prime denotes the derivative with respect to t, o, is the amount of static shear
deflection of the load,

2A = Qo q
V= — , = —, = —, 2.5
v MLw» 0 0 ®f 0} (2:5)
and

2A F

2 0
= —Gy, = —. 2.6
@ ML 0 Qo ML (2:6)

Also, the equilibrium equation 2ATy,(c., 0) = Mg for the load may be written as

2.7)

hl%)

2
0.(1 4 e02) = w_g pi =

In a horizontal motion of the system, ¢ = 0 and (2.7); yields 6. = 0.

Solutions for the undamped and damped, free vibration of the load for which Q = 0
in (2.4) may be found in [11, 12]. Otherwise, (2.4) is a damped, forced Duffing equation
with a constant equilibrium shift term that depends on ¢ and which cannot be removed by
transformation. The solution of (2.4) has not been previously explored in the present physical
context.

3. Analysis of the damped vibrational motion

Next we explore the finite-amplitude, damped vibrational motion of a load supported by
compressible or incompressible, isotropic, viscohyperelastic shear mountings by studying the
solution of the nonlinear equation (2.4). First, we sketch briefly the reduced form of (2.4) for
damped, forced vibrations of the load on shear mountings having a constant shear-response
function, and then recall the approximate solution for damped, free vibrations on shear mount-
ings having a quadratic shear response function. We shall then study the steady-state, damped,
forced vibrational motion of the load for the class of materials having quadratic shear response
characterized by a small second-order modulus so that 0 < ¢ « 1, and obtain the approximate
solution of (2.4) by use of the method of harmonic balance. The physical behavior of the shear
suspension system is then described both analytically and graphically.

3.1. DAMPED, FORCED VIBRATION WITH CONSTANT SHEAR RESPONSE

Let us consider the class of viscohyperelastic materials characterized by a constant response
function G(6?) = Gy in (2.3). We thus set ¢ = 0 in (2.4) to obtain the governing equation for
the damped, forced vibrational motion,

o' +2v0' +0 =0, + QCOS®T. (3.2)

This equation is valid for the class of viscoelastic Mooney—Rivlin materials, for example. The
ultimate equilibrium shear deformation o, is given by (2.7)1. This is the ultimate amount of
shear in a quasi-static creep due to gravity according to the solutions given by Beatty and
Zhou [11]. If we transform (3.1) relative to o, by using s = o — o,, then (3.1) becomes
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5" +2vs' +5 = QCoOSw /T . (3.2)

Clearly, the nature of the solution of (3.2) is well-known and need not be discussed here.
We note, however, that the steady-state solution of (3.2) for the damped, forced vibrational
motion has the form

s(t) =0(1) — o, = BCos(wst — &) , (3.3)

in which the amplitude B and initial phase ¢ depend on both the excitation frequency w  and
the damping parameter v.

3.2. DAMPED, FREE VIBRATION WITH QUADRATIC SHEAR RESPONSE

For viscohyperelastic materials having quadratic shear response, we return to the general
equation of motion (2.4). For the damped, free vibrational motion, Beatty and Zhou [12]
provide an approximate solution of (2.4) by the Kryloff-Bogoliuboff averaging method of
slowly varying amplitude and phase [15]. Cast in terms of the notation used here, their solution
for the damped, free vibrational motion may be written as

2
o =0, + Age ""sin ['c (1 + §80'2> — %e_2Vt + d)o] , (3.4)

2 ¢ 16v
where Ag and ¢q are constants of integration that may be found from the assigned initial
conditions as demonstrated in [12]. Otherwise, the solution of (2.4) for the damped, forced
vibration case has not been explored in the present context. This is a nonlinear ordinary
differential equation whose exact solution is unknown. In consequence, we shall seek its

approximate steady-state solution.

3.3. STEADY-STATE, DAMPED VIBRATION WITH QUADRATIC SHEAR RESPONSE

To study the forced inclined motion of the load, we adopt the method of harmonic balance
[15-19]. Accordingly, we recall (3.2) for the linear model and thus assume a steady-state
solution of (2.4) of the familiar form (3.3):

o=Bcos(wst—d)+c=asinwyt+bCcoswst+c. (3.5)

The constant c is introduced to account for the nonlinear equilibrium shift in (2.4), B denotes
the constant, symmetric amplitude relative to the coordinate x = o — ¢, and ¢ is the constant
phase angle between the amplitude shear response B and the external driving force Q. As
usual,

a=Bsing, b=Bcoso, (3.6)
and hence
B =a?+b?, tand = % . 3.7)

Clearly, both B and ¢ will depend strongly on the system parameters. Substituting (3.5)
into (2.4) and applying the method of harmonic balance, we obtain the equilibrium shift
equation
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3eB?
c (1 + 82 ) +ec® =0,(1+ 805) , (3.8)

and the motion amplitude-excitation frequency response equation for an assigned driving force
intensity Q:

o} + 0f[—3eB? — 2(1 — 22 + 3ec)] + (1 + 3ec®)? + §B% x

72
x (14 3ec® + %eBZ) - % =0. (3.9)
The phase angle ¢ is given by
& = —arctan 2ve; (3.10)

co? —1—3ec?2 — f—leB2 ’

Notice that ¢ = o, if and only if ¢ = 0, i.e. when and only when the shear-response function
(2.3) is constant. Hence, clearly, the motion is asymmetric to the static equilibrium position
at o,, whose value may be obtained from (2.7);. When B is prescribed, (3.9) is a quadratic
equation in m? whose exact solution is given by

)2
L@

= (3.11)

wi = 2V 4+ %EBZ +1+3ec®+ \/4\)2[\)2 — (14 3ec?+ %SBZ)]

and hence ¢ is determined by (3.10). Henceforward, we shall refer to the motion amplitude
B as simply the amplitude, not to be confused with the driving-force amplitude Q; and the
excitation frequency w  will be called briefly the frequency, not to be confused with the sys-
tem frequency w. Therefore, (3.11) and any of its variants is called the amplitude-frequency
equation.

Although (3.8) may be solved exactly for ¢, this inessential complication can be circum-
vented by use of its perturbation in the small parameter ¢, as shown in [10]. We thereby obtain
the approximate solution

c=o0.(1—3B%). (3.12)

We note that the estimate (3.12) is valid so long as B < +/2/(3¢), and hence the ultimate
amplitude B.(e) imposed by a positive shift ¢ is given by

B.(e) =+/2/(3e) . (3.13)

For small ¢, this imposes no significant amplitude restriction. Using (3.12) in (3.11) and
neglecting small terms O(e?), we find

3
W = =20 + ZeBZ + Q%+ \/4\)2[\)2 —(Q2+3eB)| + = (3.14)

where, by definition,
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Q%=1+ 3e0?. (3.15)

We recall from [6] that 2 is the circular frequency for small amplitude, free vibrations of the
load about its static state. Similarly, use of (3.12) in (3.10) yields the initial phase

¢ =—tan? ( 2V ) . (3.16)

2 _2_3:.p2
% Q 4SB

With the results (3.14) and (3.16) in hand, the approximate steady-state solution (3.5) of
Equation (2.4) now has the form

o=0,(1—3eB% + Bcos(wst — ) . (3.17)

4. Numerical solution and physical results

To conclude study of (3.17), we need to examine the amplitude-frequency response and other
physical attributes of the system. As usual, we consider B as prescribed and w((B) to be
found, but its map is plotted as |B| versus w. First, we recall that the familiar parabolic-
shaped backbone curve that describes the special undamped, free vibrational motion of the
load is obtained from (3.14) when Q and v vanish, namely,

4
|B| = ,/§(m§ - Q2. (4.1)

The plot of this function intersects the w s-axis at w, = . In particular, for the horizontal
motion, we set o, = 0 in (3.15) to obtain & = 1, in which case the backbone curve (4.1)
intersects the axis at wy = 1. The shift of w, away from w; = 1 is thus due to the gravita-
tional effect in (2.7). Otherwise, the amplitude-frequency response for the horizontal motion
is similar to that for the inclined motion, so we shall not consider it further.

For a fixed value of the ratio py/w in the equilibrium equation (2.7),, that is, for the same
load and shear spring characteristics, we may compute exactly the corresponding unique,
positive equilibrium shear o,.. To avoid this inessential complication, we adopt the first order
perturbation estimate for ¢, given by

Po

o, =r’(l—ert) with r=2=. (4.2)
()]

Of course, for positive o,, we must have » < ¢~1/4, which for small ¢ clearly imposes no
significant limitation. Otherwise, for each choice of r, ¢, and a specified force intensity Q, the
amplitude-frequency response curves for small damping v may be obtained from (3.14).

The effects of small damping in the amplitude-frequency response are illustrated in Figure
2 for selected parameters noted there. The ultimate amplitude (3.13) imposed by a positive
static shift has been taken into account, and we have chosen r? = % for the system design. For
¢ ={0.02,0-04} in the example shown here, (3.13) requires B. ={5-77,4-08}, respectively.
Because of damping, the amplitude-frequency response curve cuts the backbone curve at a
finite driving frequency, and the peak amplitude is finite. A sudden decrease (downward jump
to E1) in the amplitude of the motion occurs as the excitation frequency reaches point E
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Figure 2. Amplitude-frequency response curves for the inclined damped motion of the load for values of (¢, o¢) =
(0-02, 0-497), (0-04,0-495), Q = 0-1, and v =0-01, when r = +/2/2.

in Figure 2. And when the frequency is gradually decreased from a higher value, a sudden
increase (upward jump to 7y) in the amplitude occurs at point 7 in Figure 2. The points E
and T thus represent the limit between stable and unstable motions. The dashed lines between
these bifurcation points emphasize unstable states that are unattainable. The bifurcation point
T plainly occurs at the vertical tangent. We shall return to this later.

Use of (4.1) in (3.16) shows that the phase angle at the bifurcation point E in Figure 2
has the universal value ¢ = —m/2. This phenomenon is described in Figure 3 for the same
parameter set used in the plots for Figure 2. It is seen from Figures 2 and 3 that, as the
frequency w ¢ increases from zero, the amplitude response of the system for —m/2 < ¢ < O'is
in phase with the driving force until the response reaches E where ¢ = —mt/2. For any further
increase in the frequency, the point E jumps suddenly from E to E; in Figures 2 and 3; and
the motion response and excitation force are now out of phase for —nt < ¢ < —mn/2. After the
point moves from E; for increasing values of w ¢, the amplitude of the oscillations decreases
and the response continues out of phase with the excitation. If the system is operating at a
high value of w ¢, say at point A in Figure 3, the response is out of phase with the excitation;
and as the driving frequency w is decreased, the response moves from A to 7' in Figures 2
and 3. The motion jumps suddenly from 7' to Ty for any further decrease in the value of w /.
This results in a large increase in the amplitude of oscillations of the load, and the response is
again in phase with the excitation. After the response moves from 73 for decreasing values of
o ¢, the amplitude of oscillation decreases as well, and the response continues in phase with
the driving force.

The results exhibited in Figures 2 and 3 characterize the general motion of the system
for any selected set of system design parameters. To complete the physical description of the
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Figure 3. Phase angle-frequency plots for the inclined damped motion of the load for the same parameter values
illustrated in Figure 2.

motion, however, we need to determine the bifurcation conditions and examine the stability
of the system.
4.1. BIFURCATION CONDITIONS

To find the bifurcation points of the motion, we rewrite (3.14) and introduce the transformation
y = B? to obtain

Y+ ay’ +ary +ag=0, (4.3)
where
16Q2 16 2 252 2 2 8 2 2
a=——o7" alzg[(w‘f—ﬂ )"+ v ol a2=§(9 — %) . (4.4)

The number of real roots of (4.3) is determined by its discriminant

D= 6]*3 + r*Z , (45)
where
s _ A a% 1 1 3
q* = 3 r* = glawaz — 3ap) — 374; - (4.6)

In general, if D > 0, there is only one real root of (4.3); if D = 0, there are three roots at
least two of which are equal; and if D < 0, there are three distinct, real roots. The bifurcation
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Figure 4. Plot of ‘”Zb VErsus og at which the damped motion bifurcates for ¢ = 0.02, 0 =0-1, and v =0-01.
The point (0-248, 1-11) corresponds to values (., » rp) =(0-497, 1.053).

frequency occurs at values w s = w g, for which D = 0; and hence, this condition will aid in
our identifying design-parameter values that control the motion and stability of the system.

Now consider the physical situation. Since y = B? > 0, we know that physically mean-
ingful roots of (4.3) must be positive. Notice that ag < 0 and a; > 0. Therefore, in accordance
with Descartes’s rule of signs, (4.3) may have three positive real roots if and only if a; < 0;
hence, by (4.4)3, when and only when w? > Q2. At a bifurcation frequency w; = s,
two of these roots are identical; otherwise, one of the three distinct positive roots of (4.3) is
inherently unstable and unattainable. When »? = 92, a, = 0; and hence (4.5) shows that
D > 0. Clearly, if a, > 0, (4.3) has at most one positive real root of physical interest; and
any negative real roots lack physical content and may be ignored. Therefore, no bifurcation or
inherent instability occurs for any excitation frequency w"‘f < Q2 bifurcation and instability
can occur only for certain operating frequencies wif > Q2 for which D = 0.

We recall that ¢ is a specified small material parameter; and the amount of static shear
deflection of the load o, is determined by the system design and load intensity in accordance
with (2.7). Therefore, 2 defined in (3.15) is an inclusive system design parameter. Let 2,
denote a specified value for the system design parameter 2. Then, in accordance with our
previous argument, the safe operating design criterion for which no bifurcation or inherent
instability will arise is provided by

wh < QF. (4.7

For an assigned value of &, the relation (3.15) in a plot of Q3 versus o shows that operating
speeds situated on or below the straight line Q3 = 1 + 3s0? are safe. This does not preclude
existence of a safe operating frequency for which cozf > Q3, provided w / is not a bifurcation
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Figure 5. Schematic of the solution surface in (w, 0, | B|)-space shown in the upper diagram, its view from
above shown in the central diagram, and the solution surface in (wf, 0, $)-space shown in the lower diagram, all
for the same specified values of the parameter set (e, o,, v). (Adapted from [13].

frequency for which D = 0. For the examples in Figures 2 and 3, we find v < €, =(1-007,
1.015). Hence, we see clearly in these sample illustrations that (4.7) indeed yields a safe
value for the operating frequency; and higher, safe operating frequencies exist, except at the
bifurcation points £ and T.

Let wy, denote the driving frequency at a bifurcation point for which D = 0 in (4.5),
namely,

o415 -

where, by definition,
¥ = (QF — 07,)? — 120%0f, . (4.9)

For a given viscohyperelastic shear-spring material with small damping v and quadratic shear
response, with a specified design value for the driving-force intensity Q and a design para-
meter value Q7 defined by (3.15), two bifurcation values m?b of the excitation frequency are
determined by (4.8). These correspond to points 7 and E in Figures 2 and 3. For design-
illustration purposes, let us consider the variation of wsz versus o2 shown in Figure 4, for
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fixed material values ¢ =0-02, v =0-01, and an excitation amplitude Q =0-1. We thus obtain
from (4.8) two bifurcation curves m? = m?b in Figure 4 that are the loci of bifurcation points
T and E belonging to the corresponding family of amplitude-frequency response curves. For
any specified system design, the bifurcation points and a safe system operating range may
be read from the design plots in Figure 4. (While these plots have the appearance of straight
lines over the range of values shown here, they actually are curved.) In this way, for any
specified system-parameter design values of ¢, o., Q, and v, a suitable excitation frequency
operating range can be decided for which the motion will be stable, for example. Conversely,
for any specified excitation frequency, (4.8) may be applied to determine various critical
design-parameter values. The utility of our simple bifurcation maps in Figure 4 applied to
any typical system design is underscored by the stability analysis presented farther on.

For specified values of ¢, o., v, our solution set forms a three-dimensional surface in
(wy, Q, | B|)-space shown schematically in the upper diagram of Figure 5, which is based
on the general analysis due to Holmes and Rand [13]. Here we illustrate its relation to the
physical problem of nonlinear shearing vibrations with damping. A cross-section through this
surface defined by the plane w; =12 in Figure 6 shows the relationship between Q and |B|
for a few fixed values of the parameter set ¢, o., v. Due to the presence of small damping,
the curves in Figure 6 do not intersect the vertical line at the points Q = 0, a characteristic
of the undamped case studied in [10]. The three-dimensional schematic in Figure 5 provides
an overview of the general physical characteristics represented in the special plane map of
Figure 6. We shall say more about this in a moment. As one expects, Figure 6 shows that large
excitation forces produce large-amplitude vibrations of the load, and if one starts with either
a sufficiently small or large excitation force, no amplitude jumps can occur. Here we note that
the curves marked as |B < 0| and |B > 0| in Figure 6, and farther on in Figure 9, are maps
for which the amplitude B < 0 and B > 0, respectively, are plotted as | B|. We recall that the
motion for B < 0 is out of phase with the driving force.

Now return to (4.5) and let Q; denote the value of the driving-force intensity at a bifur-
cation frequency ¢, for which D = 0. We obtain equations that are similar to and which
may be read directly from those in (4.8) and (4.9). For a given set of design parameters e,
o., v, We thus determine the bifurcation values of the driving-force amplitude Q, (w fp) @S A
function of the corresponding excitation frequency w ;. This bifurcation diagram is plotted
in Figure 7 for two values of the second-order shear modulus ¢ and in Figure 8 for two values
of the damping coefficient v. The stability boundaries in Figures 7 and 8 are the curves for
which Q] = Oy and o, = w s, i.e. Q(wyp). The characteristic cusp shape and symmetry
about Q = 0 is evident [13]. Notice also that the cusps do not converge at the origin as
they do for the undamped case; and when small forces act on the system the solutions do
not bifurcate; we see again the safe region defined by (4.7). The bifurcation points T and E
of the amplitude-frequency curves in the example of Figure 2 are on the stability boundary
of the bifurcation curves in Figures 7 and 8. The points T and E in Figure 2 correspond,
respectively, to the bifurcation points J and H in Figure 6. The plots in Figures 7 and 8
are essentially different views of the same solution surface shown schematically in Figure
5 and viewed from above, as illustrated schematically in the central diagram of Figure 5.
The phase-angle-frequency diagram in Figure 3 corresponds to a cross-section by the plane
Q =0-1 through the solution surface shown in the lower schematic diagram of Figure 5. The
criterion (4.7) for a safe operating frequency is evident in all of these stability diagrams. The
general overall safe operating range is provided by the simple stability map in Figure 4; this
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Figure6. Motion amplitude-driving force amplitude curves for (g, o) =(0-02, 0-497), (0-04, 0-495), v =0-01, and
oy =1.2. The latter defines a plane section through the solution surface shown schematically in the top diagram
of Figure 5.

characterizes the stability of the forced damped, inclined motion of the system for specified
parameter values.

4.2. INFINITESIMAL STABILITY OF THE MOTION

In previous discussions, we have argued intuitively that the dotted portion 7 E of the amplitude-
frequency response curve shown in Figure 2, and hence throughout our subsequent descrip-
tion, represents inherently unstable, unattainable states of the motion. In this section, we
reinforce this physical argument by briefly examining more closely the infinitesimal stability
of the steady-state, forced vibrational motion o(t) of the load described by (2.4).

Let o(t) and 6(t) = o(t) + w*(t) denote two solutions of the equation of motion (2.4) for
which the initial conditions for 6(t) and o(t) at T = 0 are very nearly the same. Substituting
o(t) for o(7) in (2.4), noting that o(t) satisfies the same equation, and neglecting powers of
w*(t) greater than the first, we obtain the linearized equation for the small perturbed motion

w*(1):

w* + 2vw* + w*(1 + 3e0?) =0. (4.10)
We next introduce the transformation

w*(t) = e w () (4.12)

to obtain from (4.10) the following linear differential equation with a time-dependent coeffi-
cient:
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w” 4+ w(l —v? 4 3e0?) =0. (4.12)

If the solution w(<) of this equation is bounded, the perturbed motion (4.11) decays and o(t)
is said to be stable; otherwise, the motion o () is called unstable.

We consider the steady-state solution (3.5) and introduce Z = w st — ¢ as the new inde-
pendent variable to write o = B cos Z + ¢ and w” = w}d*w/dZ?. Then (4.12) transforms to
the three-parameter Hill equation:

2

d7u;+w(dl+d2 C0S Z 4+ d3€082Z) =0, (4.13)
where
1 3 6ec B 3eB?
di= 51—+ 2eB2+3e), di=—rr) di= 2y (4.14)
w? 2 ' wa

are constants. For this equation, approximate results and stability boundaries of the motion
may be found in [20]-[23], for example. Notice in the derivation leading to (4.13) that all
order terms in € have been retained.

Equation (4.13) characterizes the perturbed inclined motion of the load on simple shear
mounts. Notice that d, arises from the equilibrium shift ¢; and hence to simplify our conclud-
ing remarks, we first consider the horizontal case.

4.2.1. Sability of the horizontal motion
For a horizontal motion, o, = 0 and (3.8) shows that ¢ = 0. In this case d, = 0 in (4.14); and
(4.13) thus reduces to the standard Mathieu equation [17, pp. 202-219], namely,
d2
S L [54ecosylw =0, (4.15)
dy?
where y = 2Z and the constant coefficients are defined by

d1 1 ) 2 d3  3eB?
BEZ:K?(l—\) +4we), €= -—=

A .
4 8cof

(4.16)

The commonly used Mathieu parameter ¢ defined in (4.16), appears only in our discussion of
stability graphs related to the Mathieu equation (4.15), so one should encounter no serious
confusion with our physical parameter ¢ for which only numerical values used in earlier
examples are noted in two places below.

Because ¢ is small, we shall assume that values of € are small too. Hence, in accordance
with [17, pp. 208-213], the transition curves for the stability boundaries in the 3 — € plane for
the Mathieu equation (4.15), up to terms of second order in €2, are given by

1 € €
5=+ s=-S 4.17

4 2 2 (4.17)

The curves 8§ = 8(e) define the boundary curves of the stable (shaded) regions of the
Mathieu equation. Each point of these boundary curves corresponds to a periodic solution
of (4.15) of period 2m or 4rt. The common practice is to plot these curves as € versus 8, as
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Figure 9. Stability curves of the Mathieu equation (dotted lines) and the shear mount system response curves
(solid lines) for forced horizontal motion of the load.

shown in Figure 9. For the damped horizontal motion, the points 7 and E shown in Figure
9 correspond to the points T and E on the physical response curves similar to that shown
in Figure 2. We thus confirm that these points lie on the Mathieu boundaries identified as
|B < 0], where we recall that the motion for B < 0 is out of phase with the driving force. Itis
known that these boundary lines represent the transition between stable and unstable solutions
of the system. For details, see [17, pp. 213-219] for example. Specifically, we see from the
magnified portion of the stability curves of Figure 9 that the point T of the physical response



350 A. E. Zluiniga and M. F. Beatty

d, = 0.065
147 — \
!
i
1.2 N Unstable !
Q Region '
1 i \\ g /
3 I
A p
08¢t ) J
d2 N ,/
0.6} T //
0.4 | Z
021t !
N
-0.5 0 0.5 1 1.5
dl

Figure 10. Stability maps of the three-parameter Hill equation for d3 =0-065 (solid curves).

curve intersects the line 8§ = % — €/2 while E intersects the line 8§ = % + €/2. Hence, the
physical response between the points T and E for B < 0 falls in the unstable region of the
stability map in Figure 9, clearly indicating that the system is indeed unstable. Hence, the
amplitude-frequency response curve T E for the horizontal motion, which is similar to the
response shown in Figure 2 and subsequent figures for the inclined motion, defines inherently
unstable, unattainable states of the motion, as described earlier.

4.2.2. Sability of the inclined motion

When the motion is inclined d, # 0 and now we have a more complicated analysis based on
the three-parameter Hill equation. The determination of its stability conditions for the unstable
regions may be found in several resources, [20]-[23] for example. As usual, the bifurcation
points in the amplitude-frequency response curves in Figure 2 represent the transition be-
tween stable and unstable motions. To obtain stability maps similar to those for the Mathieu
equation, we may use the approximate, Fourier series solution of (4.13) developed by Klotter
and Kotowski [23]. The stability maps and their stability boundaries are thereby determined
numerically for a specified value of d;. We omit these details, refer the reader to [23], and
illustrate in Figure 10 our stability maps for d; =0-065.

Because the stability maps depend on the values of dy, d,, and ds, we need to know their
behavior with respect to w ¢. Figure 11 shows the plots of dy, |d|, and ds versus w ;s for our
earlier example values of (g, 5,) =(0-02, 0-497), v =0.01, and Q =0-1. The corresponding
values of ws, di, and d, for d; =0-065 are 1.053, 0-977, and 0-077, respectively. Notice
that the three Hill parameters d;, have a common vertical tangent at the bifurcation frequency
oy = wys, =1-053 in the example. These values are used to determine the stability of the
motion from Figure 10. The solid lines in Figure 10 represent stability boundaries in the
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Figure 11. Variation of dy, |d|, and d3 versus o ¢ for values of (e, o.) =(0-02, 0-497), v =0-01, and 0 =0-1.

physical problem for which d3 =0-065, and hence we are dealing here with the full three-
parameter Hill equation. The dotted curves in Figure 10, however, are merely reference curves
for the stability boundaries of the standard Mathieu equation for which 3 = d; and € = d>.
While this corresponds to formally setting ds = 0 in (4.13), it should be evident that for our
physical problem d; # 0 in (4.14). With the above values and from Figure 10, it is found
that the solution at the point T shown here is indeed unstable. The reader will observe that
this result agrees with the plots presented in Figures 2, 3, 4, 7, and 8, in which the bifurcation
point T occurs at an excitation frequency w, =1.053. These rather complicated procedures
underscore the great simplicity of the representation of the loci of the bifurcation points pro-
vided in our simple stability diagram in Figure 4 giving the bifurcation frequency at both T
and E for any specified design value o,.

5. Concluding remarks

We have studied the problem of the damped, finite-amplitude forced vibration of a load
supported symmetrically by simple shear springs and by a smooth inclined bearing surface.
The results obtained here are valid for all compressible or incompressible, homogeneous and
isotropic, viscohyperelastic spring materials for which the shear response function in a simple
shear deformation is a quadratic function of the amount of shear. This function models the
finite displacement of shear mountings that may operate beyond, but close to the linear range
of shear response observed in experiments. We find that even a small nonlinearity in the shear
response can produce potentially undesirable dynamical effects on the motion, which is char-
acterized by the forced Duffing equation with damping and with a constant static shift term
due to gravity. An exact solution of this equation, even when gravity is absent, is unknown,
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so we study its approximate solution by the classical method of harmonic balance. Because
of the nonlinear nature of the equation of motion, the static shift factor cannot be transformed
away. The physical relevance and complex effects of the static shift on the stability of the
motion is emphasized throughout this study.

The system design parameters are related to the dynamical response of the system for small
damping. Regions of stable motion are identified in terms of the amplitude of the motion,
driving-force intensity, driving frequency, and system design-parameters. Bifurcation limits on
the driving frequency for stable motion of the system are identified analytically and illustrated
graphically in Figures 2 and 3. In consequence, a safe operating design criterion that guaran-
tees stable motion of the load for any specified system design parameter values (g, o, Q, v)
is derived; and the result is described graphically in Figure 4. This simple diagram maps the
loci of all bifurcation points against the static shear deflection, which serves as the principal
system design parameter for the inclined motion. In consequence, for any specified system
design, the bifurcation points and a safe system operating range may be read from these design
plots; and, hence, a suitable excitation frequency operating range can be decided for which
the motion will be stable. Conversely, for any specified excitation frequency, various critical
design parameter values may be determined. The effects of the driving-force intensity Q on
the amplitude of the motion and on the range of stable motions for any assigned operating
frequency, for selected material constants, are illustrated in Figures 6, 7 and 8. These maps
provide alternative means of assessing overall safe operating conditions for the system. The
utility and simplicity of our bifurcation maps in Figure 4 applied to any typical system design
is underscored by our infinitesimal stability analysis of the system. This analysis shows that
the bifurcation points of the inclined motion fall on the stability boundaries of the numerical
solution of a complex, three-parameter Hill equation.

In short, the solution presented here provides information that illustrates how system de-
sign parameters affect the motion of the load and how these may be chosen to control the
amplitude of the oscillations and the stability of the system. In future work, we shall build on
this problem analysis to explore the controlling effect of a vibration absorber.
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